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I. Introduction
Photonic crystals (PCs) are the optical analogues of electronic semiconductors. In a PC, shape-tunable electromagnetic materials take the role of atoms or molecules in conventional crystals [1] [2] [3] . The periodic modulation of electromagnetic waves in real-space induces photonic bands and photonic band gaps (PBGs) with broad applications in basic science and technology, ranging from on-chip optical information processing, nonlinear optics, to quantum electrodynamics [3] . In the past decade, certain prototype PCs have revealed a topological form of light-trapping: if two PBG materials of distinct band topology are put together, localized photonic modes will emerge and be guided on their mutual boundary, regardless of the specific geometry of the boundary [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . Such robust light-confinement and wave-guiding are useful as ultra-high quality-factor optical modes of almost arbitrary shape and extent in the optical frequency regime. Since magneto-optical effects are typically weak and metals lead to significant loss in optical frequencies, all-dielectric photonic structures are highly preferred for optical-frequency applications. To date, topological phenomena at optical frequency has been realized only in a few experimental systems [8, 9] .
In this work, we propose a type of dielectric-frame two-dimensional (2D) PCs for transverse-electric (TE) photonic bands with time-reversal invariance. The PCs are comprised of triangular lattices of air-holes in a dielectric background, compatible with the current fabrication technology. In our calculations, we use GaP ( = 10. [17, 21] and core-shell [18] PCs, our dielectric-frame PCs exhibit multiple topological transitions when the radii and/or positions of the air-holes are varied continuously. The rich phase diagram and the multiple emergence of Dirac cones, enable effective tuning of the photonic properties, which may have potential applications as highly controllable optical components. Beyond this idealized situation, we show that the PBG remains finite and sizable, 9.5%, when the 2D PC structure is extended to a real-world 3D slab-membrane geometry. The proposed slab PC provides a practical route toward topological PBGs at optical frequency using the mature technology of etching holes in a dielectric slab. This paper is organized as follows. In Sec. II we present the design and architecture of the dielectric-frame PCs and the properties of their photonic bands. In section III, we study multiple topological transitions and their connection to the PC geometry. In section IV, we describe the electromagnetic properties of the topological PCs and their protected edge states. We conclude in Sec. V.
II. Dielectric-Frame Photonic Crystals
We study 2D PCs of triangular types of lattices illustrated in Fig. 1 Fig. 1(a) ]. The lattice and the configuration of air-holes have the C 6 rotational symmetry. The tunable geometric parameters are the radius and the distance between the center of each air-hole and the center of the unit-cell . By tuning the radius and the distance , the C 6 symmetry is still preserved while different geometries can be realized as illustrated in Fig. 1 . There are different scenarios for the geometry transitions. For small air-holes [see Fig. 1(a) ], the main geometry transition takes place at = /3 where a honeycomb lattice of air-holes is realized. As found in Refs. [16, 17] , at = /3 the sub-lattice symmetry in the honeycomb lattice enforces the emergence of the double Dirac point. For < /3 or > /3, the double Dirac point is gapped and a PBG emerges. It was found that the PBG for < /3 is of trivial topology, while the PBG for > /3 is of nontrivial topology which resembles the quantum spin-Hall insulator of electrons [17] . We refer to the lattices with < /3 as type-I triangle lattices, while the lattices with > /3 are called type-II triangle lattices. Another interesting limit is = /2 [see the fourth panel of Fig. 1(a) ], where the structure becomes a Kagome lattice. These are lattices of air-holes with small radii for various distance .
If the radii of the air-holes are large, different geometries and transitions may appear.
As illustrated in Fig. 1(b) , starting from small , where the lattice is a triangle lattice of a small cluster of air-holes, the first geometric transition takes place at + = /2. For + ≥ /2, air-holes from adjacent unit-cells start to overlap and the lattice becomes a honeycomb-triangle lattice of dielectric materials. That is, there is a honeycomb lattice of dielectric materials at the corners of the unit cell, together with a triangular lattice of dielectric material at the unit-cell center [see the second panel of Fig. 1(b) ]. As the distance increases, such a geometry transition can take place before the transition into the honeycomb lattice of air-holes, if the radius is large > /6. Besides, for such large air-holes, the honeycomb lattice of air-holes is equivalent to a triangle lattice of dielectric materials, as shown in the third panel of Fig. 1(b) . At the critical value = /6, the air-holes in the honeycomb lattice start to overlap with each other. Therefore, the geometric transitions are different for large radii > /6, compared to small radii < /6. As revealed in this study, the topological transitions are also fundamentally different between PCs with small and large air-holes.
Before going into details, we provide two concrete examples of dielectric-frame PCs with PBGs of trivial and nontrivial topology. Photonic band diagrams of two PCs for the TE harmonic modes are presented in Fig. 2 , where we choose = 0.2 for two different distances: = 0.275 for Fig. 2(a) , and = 0.475 for Fig. 2(b) . We use the commercial software COMSOL Multi-physics to calculate the photonic band structures. Throughout this paper, we mostly use the dimensionless angular frequency through Dirac points is a signature for a topological transition. For 2D PC, this scenario holds whenever the PC has C 6 rotation symmetry [16, 17, 18] . The underlying mechanism is that the C 6 point group has two doubly degenerate representations, which are isomorphic to the p and d modes [see Fig. 2 ] [16, 17, 18] . These are manifested as the C , D , C F GD F and CD modes which can form four pseudo-spin states,
Moreover, the p doublet and the d doublet have opposite parity, which ensures a chiral coupling between them, resembling the Dirac equation. As shown in Refs. [17, 18] , such an analog with the Dirac equation for electrons connects the parity-inversed photonic band-order with the quantum spin Hall effect of electrons. This further suggests that the parity-inversed PBG is the photonic analogue of a topological insulator.
III. Multiple Topological Transitions
In Fig. 2 the order of the p and d bands are modified by tuning the distance , as was found in Ref. [17] for transverse-magnetic (TM) modes. We now show that the phase diagram is much richer than unveiled in Refs. [17, 18] . The phase diagram is shown in Fig. 3 for both small and large radii with varying distance . The band-order between the p and d bands is characterized by the following quantity,
where O and N are the frequencies of the d and p bands at the Γ point, respectively. For small radius = 0.13 , there is indeed a transition between normal and parity-inversed band-orders at = /3, which is the topological transition found before [17] . In addition to this transition, there is another transition at smaller distance Fig. 4(d) shows the zoom-in 3D dispersion around the double Dirac point, which exhibits perfect conic dispersion.
To consolidate our picture of topological transitions, we further study the phase diagram for varying the radius with fixed distance . reported before, may be useful for highly tunable or sensitive optical devices. For example, it might be used for designing optical sensors, since the attachment of biomarkers to the dielectric surfaces is nearly equivalent to tuning the radius of the air-holes [23, 24] . We also notice that the largest PBG with nontrivial topology is realized at = 0.16 where the gap-ratio is nearly 20%. This large PBG is ideal for strong topological light-confinement and protected light-propagation along the boundaries between normal and topological PBG materials.
IV. Nature of Topological Photonic Band Gaps and Topological Transitions
To elucidate the electromagnetic properties of the topological structures and transitions, we now derive the effective "Hamiltonian" for the photonic spectrum near the double Dirac points using the • perturbation theory. The Bloch functions must satisfy the following eigenvalue equation from the Maxwell equations,
Here is the speed of light in vacuum, ( ) is the position-dependent relative 
which is valid up to the linear-order in . Here O and N are the frequency of the d and p bands at the Γ point, respectively, ± = C ± D , and is the • coefficient. Time-reversal symmetry requires that is a purely imaginary number.
Here a ( = I , I , G , G ) are the coefficients for the eigenstates. We note that the above equation resembles the Hamiltonian eigenvalue equation that describes the quantum spin Hall effect of electrons in Refs. [25, 26] . The analog with the quantum spin Hall effect of electrons indicates that the parity-inversed band-order O < N is equivalent to the quantum spin Hall insulator, while the normal band-order O > N has trivial band topology. In fact, the construction of double degeneracy and the parity-inversion are the two crucial prerequisites for the simulation of Dirac physics and band topology in photonics [19, 20] . In 3D PCs, a C 6 rotation symmetry together with inversion symmetry in hexagonal lattices [19] , or two orthogonal screw symmetries in tetragonal lattices [20] , can create 3D photonic Dirac points.
A fundamental evidence of the band topology is the appearance of protected edge states at the interface between two topologically different PBG structures. In Fig. 6 we show that there are helical edge states in the common PBG when two PCs of Finally, we show that our design carries over to real-world 3D slab-membrane PCs.
To demonstrate this, we calculate the photonic band structure of a slab PC with = 0.4 , = 0.18 and ℎ = 0.4 using a dielectric slab made of germanium ( = 16).
We find that there is a complete PBG with nontrivial topology for the TE modes of which the gap-ratio is as large as 9.52% [see Fig. 8 ]. This PBG can be utilized for the study of topological phenomena at optical-frequencies. A topological slab PC design using triangular air-holes has been demonstrated before [21] . Here we demonstrate the same function using slab-PC architecture with circular air-holes which is easier to realize.
V. Conclusions and Outlook
In conclusion, we have demonstrated that carefully designed 2D dielectric-frame PCs 
